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ON THE TITS-KANTOR-KOECHER CONSTRUCTION OF UNITAL JORDAN 

BIMODULES 

IRYNA KASHUBA AND VERA SERGANOVA 


Abstract. In this paper we explore relationship between representations of a Jordan algebra J 
and the Lie algebra g obtained from J by the Tits-Kantor-Koecher construction. More precisely, 
we construct two adjoint functors Lie : J-modi —>■ g-modi and Jor : g-modi —»• J-modi, where 
J-modi is the category of unital J-bimodules and g-modi is the category of g-modules admitting 
a short grading. Using these functors we classify J such that its semisimple part is of Clifford 
type and the category J-modi is tame. 

1. Introduction 

The famous Tits-Kantor-Koecher construction relates a unital Jordan (super)algebra J with a 
Lie (super)algebra g equipped with a short Z-grading. It was introduced independently in jTj, [5] 
and [3] and one of most prominent applications was a classification of simple Jordan superalgebras 
in 0], [5], [6]. 

The TKK construction has been proven to be quite efficient and useful in the study of Jordan 
superalgebras, Jordan superpairs and their superbimodules. Several application of TKK construc¬ 
tion in representation theory of semisimple Jordan superalgebras and Jordan superpairs can be 
found in 7], [8], [9], [TO] and [IT] . The goal of this paper is to further study and apply this 
construction to non-semisimple Jordan algebras and their representations. 

Recall that a representation of a Jordan algebra J in a vector space M is a linear mapping p 
of J into Endk(M) such that 

(1) [p(a), p(a 2 )] = 0, 2 p(a)p(b)p(a) + p((a o a) o b) = 2p(a)p(a o b) + p(b)p(a o a). 

The category of finite dimensional J-modules will be denoted by J-mod. 

If J is a unital algebra the category of J-modules has a decomposition into the direct sum of 
three subcategories 

J-mod = J-modi © J-modi © J-modo 

according to the action of the identity element of J. The subcategory J-modo is not interesting 
since all its objects are trivial modules. The subcategory J-mod| consists of modules on which the 
identity element acts as such modules are called special. The objects of J-modi are called unital 
modules. One can introduce associative enveloping algebras for J-mod, J-modi and J-mod i, 
such that each of these categories is equivalent to the category of modules over the corresponding 
enveloping algebra. 

Recall the classification of simple Jordan algebras over an algebraically closed field k of char¬ 
acteristic zero. With the exception of the case J = k, simple Jordan algebras are divided in two 
groups: Jordan algebras of quadratic form J(E,q ), see Section 5 for details, and Jordan algebras 
of matrix type, see [12] . The latter are called sometimes Hermitian Jordan algebras. 

In [13] Jacobson constructed the associative enveloping algebras for J-modi and J-mod i, when 
J is finite-dimensional simple, and proved that both categories are semisimple with finitely many 
simple objects. 

The next step is to study non-semisimple Jordan algebras. In this case it is important to classify 
tame categories J-mod i and J-modi (for basics on tame and wild categories see |14]f. In 05] the 
enveloping algebra of J-modi was studied in the case when the semisimple part of J is of matrix 
type and rad? J = 0. Using the coordinalization theorem for Jordan algebras of matrix type the 
authors proved that the enveloping algebra and consequently the Ext quiver algebra of J-mod i 
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have radical squared equal to zero. Hence they could employ the representation theory of quivers 
to classify tame J-modi. 

In all other cases the above method is not applicable. But it seems likely that we can later deal 
with the remaining cases using the TKK construction. The main advantage of this approach is 
the existence of a tensor structure on the category of g-modules and a well developed theory of 
weights. 

In this paper we focus on Jordan algebras, whose semisimple part is a sum of Jordan algebras of 
quadratic forms. We classify all such algebras with tame J-modi without any additional assump¬ 
tions on the radical, see Theorem Im For this purpose we avoid cases of small dimensions: we 
start with simple Jordan algebras of dimension greater than 4. It follows from our classification 
that all such tame Jordan algebras J satisfy the condition rad 2 J = 0. On the other hand, in 
contrast with HE the square of the radical of the universal enveloping algebra is not necessarily 
zero for tame categories. The category J-rnod^ is studied in a forthcoming paper □31- 

In Section 3 we define and study two adjoint functors Jor and Lie between the category 
J-modi and the category g-modi of g-modules admitting a short grading. The definition of Jor 
is straightforward. However, not every J-module can be obtained from a g-module by application 
of Jor. To fix this flaw one has to consider the universal central extension g of g. This problem 
does not appear in the semisimple case since g = g but it is already essential for simple Jordan 
and Lie superalgebras, see [9]. Although algebras with non-zero central extensions do not appear 
in our classification, we formulate statements in full generality for future applications. The second 
problem worth mentioning here is caused by the fact that the splitting J-modi© J-rnodo can not be 
lifted to the Lie algebra g, since some modules can have non-trivial extensions with trivial modules. 
That implies, in particular, that left and right adjoint of the functor Jor are not isomorphic and 
the categories g-modi and J-modi are not equivalent. Still they are close enough and one can 
describe projective modules, quivers and relations of J-modi in terms of g-modi. 

In Section 4 we explain how to construct the Ext quivers of g-modi and J-modi and compute 
the radical filtration of projective indecomposable modules. 

In Sections 5-9 we classify Jordan algebras with tame categories of unital representations sat¬ 
isfying above mentioned conditions. Our main tool is the representation theory of quivers. All 
the quiver results we use are collected in Appendix. Although our algebras do not satisfy the 
condition rad 2 = 0, we use a lot Theorem 110.41 which could be considered as a generalization 
of this property. Finally, let us mention that all tame associative algebras A arising from our 
classification are quadratic and satisfy the conditions rad 3 A = 0 and A ~ A op . 

2. Tits-Kantor-Koecher construction for Jordan algebras. 

2.1. Jordan algebras and bimodules. Let k be a field, char k ^ 2. A Jordan k-algebra is a 
commutative algebra J such that any a,b £ J satisfy the Jordan identity: 

(2) a o b = b o a 

(3) ((aoa)o6)oa = (a o a) o (fro a). 

For any associative algebra A one can construct the Jordan algebra A + by introducing on a 
vector space A a new multiplication a\ o 02 = 5(0102 + 0201 ). If a Jordan algebra is isomorphic 
to a subalgebra of the algebra A + for a certain associative algebra A then it is called special , 
otherwise it is exceptional. 

Let J be a Jordan algebra over k and AT be a k-vector space endowed with a pair of linear 
mappings l : J <g>k AT —> AT, (a <S> to) i-> a ■ to, r : AT ®k J —» A/, (m <g> a) >->• m ■ a, a £ J, m £ AT. 
Then AT is called a Jordan bimodule over J if the algebra Z = (J ©A/, *), where = 1 = is a k—bilinear 
product 

(ai + mi) * (a 2 + m 2 ) = a\ o a 2 + a\ ■ m 2 + to 1 ■ 02 , 
for 01 , 02 £ J, mi, m 2 £ AT, is a Jordan algebra. Observe that J is a subalgebra in Z and AT is 
an ideal with AT 2 = 0. In this case Z is called the null split extension of J by the bimodule AT. 
It follows from the Jordan identity fl2J) that if AT is a Jordan bimodule over J the corresponding 
representation p : J —> Endk AT satisfies ©• 
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2.2. TKK construction. A short grading of an algebra g is a Z-grading of the form g = g_! © 
So © gi- Let P be the commutative bilinear map on J defined by P(x,y) = x o y. Then we 
associate to J a Lie algebra g = Lie(J) with short grading g = g_i © go © gi in the following way, 
see m ■ We set 

g-i = j, 0 o = {La, [L a ,L b ] a, b G J) C End k (J), 

where L a denotes the operator of left multiplication in J, and 

0 i = (P, [L a , P] | a G J) C Hom k (S 2 J, J) 

with the following bracket 

• [x,y] = 0 for x, y e g_i or x, y G gi; 

• [L,x] = L(x) for x G 0 -i, L G go; 

• \B,x]{y) = B{x,y) for B G gi and x,y G g_i; 

• [L,B](x,y) = L(B{x, y)) — B(L(x),y) + B{x, L{y)) for any B G 0 i, L G g 0 and x,y G g_i. 
Lie{J ) is a Lie algebra. 

Note that by construction Lie(J) is generated as a Lie algebra by Lie(J )i © Lie(J)-i. 

A short subalgebra of a Lie algebra g is an sl 2 subalgebra spanned by elements e, h, /, satisfying 
[e,/] = h, [h,e] = —e, [h, f] = /, such that the eigenspace decomposition of ad h defines a short 
grading on g. Consider a Jordan algebra J with a unit element e. Then e, hj = —L e and fj=P 
span a short subalgebra aj C Lie(J). A Z-graded Lie algebra g = g_i ©go ©gi is called minimal 
if any non-trivial ideal I of g intersects g_i non-trivially, i.e. / n g_i is neither 0 nor g_i. 

Lemma 2 . 1 . [16) A Lie algebra g = 0 -i© 0 o©gi is minimal if and only if the following conditions 
hold: 

(1) if [a, g i] = 0 for some a G go © gi, then a = 0; 

(2) [0i,0o] = 3i,i = ±1. 

Let J denote the category of unital Jordan algebras in which morpliisms are Jordan epimor- 
phisms and let C denote the category of minimal pairs (g, a), where g is a Lie algebra, a a 
short subalgebra of g, and a morphism cj> from pair (g, a) to (g', a') is a Lie algebra epimorpliism 
<f> : g —>• g' such that f>{a) = a'. We construct a functor T \ J C by associating to every unital 
Jordan algebra J the pair ( Lie{J),aj ) and to every epimorpliism <j> : J —>■ J' of unital Jordan 
algebras the map (j>r : Lie{J ) —> Lie(J') defined as follows: 

(4) x 4>{x), L x ha L^x), for x G J; P ->■ P', P'(x, y) = x oj> y. 

Let g be a Lie algebra containing an sf 2 -subalgebra a which induces a short grading g = g_i ©go© 
gi. Then J = (g_i,oj) with xojy = [[P,a.’],y] is a Jordan algebra. Moreover, any epimorpliism 
(f> : (g,a) —> (g / ,Q: , ) in T defines Jordan algebra epimorphism 4>\ g _ 1 - Thus, we have defined 
a functor C —>■ J which we denote by Jor. The functors T and Jor define an equivalence of 
categories C and J, see Theorem 5.15, m- 

3. Functors Lie and Jor for unital modules 

Let J be a unital Jordan algebra and g = Lie(J). By g we denote the universal central extension 
of g. Note that g contains the sb-subalgebra a = (e, h, /), hence the center of g is in go. It implies 
that 

0 ±i = 0 ±i- 

Let g-modi denote the category of g-modules N such that the action of ft G a induces a grading 
of length 3 on Af. We will construct two functors 

Jor : g-modi —» J-modi, Lie : J-modi —>• g-modi 
and show that Lie is left adjoint to Jor. 

To define Jor let N G g-modi. Then N has a short grading N = N\ (B N 0 (B iV_i. We set 
Jor{N) := A_i with action of J = g_i = g_i defined by 

x(m) = [f,x]m, x G J = g_i,m G 1 V_i. 

It is clear that Jor is an exact functor. 
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Our next step is to define Lie : J-modi —>• g-modi. Let M £ J-rnodi. Consider the associated 
null split extension J © M. Let A = Lie{J © M). Then by [IB] we have an exact sequence of Lie 
algebras 

(5) 0 -> TV -*A -4 0 —t 0, 
where TV is an abelian Lie algebra and TV_ i = M. 

Lemma 3.1. Let 7 : 0 —> g be the canonical projection. There exists s : g —> A such that iros = 7 . 

Proof. Observe that the splitting A± 1 = g±i © N± 1 is canonical. Let g be the Lie subalgebra in 
A generated by g±i. Then we have a surjective homomorphism <p : g —> g and Ker</? C go- We 
claim that Ker tp lies in the center of g. Indeed, z £ Kerip implies [z,0±i] C g±i PlKer^ = 0 and 
from [fl-i, 0i] = go it follows that [z, go] = 0. Therefore the map s : g —» g C A is as required. □ 

Remark 3.2. For the illustration that g is essential, see Example \4- 7| 

The above Lemma implies that TV is a g-module. Thus, in particular, we have defined a go- 
module structure on 7V_i = M. Now let V = go © 0-i and we extend the above go-module 
structure on M to a 'P-module structure by setting g_i M = 0. Let 

T (M) = U{q) ®u(V) m. 

We define Lie(M) to be the maximal quotient in T(M) which belongs to g-modi- More precisely 
Lie(M) := T(M)/T, where T is the submodule in T(M) generated ^^T(M)j. 

i> 2 

Note that Frobenius reciprocity implies that for any K £ g-modi and any M £ J-modi 

(6) Hom g (Lie(M), K) ~ Homg(F(M), K) ~ Horn V {M, K). 

On the other hand, we have 

(7) Horn K) = Hom go (M, Jv_ 1) = Homj(M, Jor(K)). 

Lemma 3.3. We have a canonical isomorphism 

Horn g(Lie(M), K) ~ Homj(M, Jor(K)), 

Proof. Indeed, 

Hom g (L*e(Af), K) ~ Hom-p(M, A') ~ Horn j(M, Jor(K)). 
where the first isomorphism is a consequence of © and the second follows from Q. □ 

Corollary 3.4. If P is a projective module in J-modi , then Lie(P) is a projective module in 
g-modi. 

Proof. Follows from Lemma 13.31 and exacteness of Jor. □ 

Lemma 3.5. Jor o Lie is isomorphic to the identity functor in J-mod\. 

Proof. By construction we have Jor o Lie(M) = (Lie(M))- 1 ~ M. □ 

Lemma 3.6. Let N £ g-modi. We have an exact sequence of g-modules 

(8) 0 -)■ C -4 Lie(Jor(N)) -> TV C' 0, 
where C, C' are some trivial g-modules. 

Proof. The identity morphism Jor(N) —>• Jor(N) induces a homomorphism of g-modi-modules 
Lie(Jor(N)) —>• TV by Lemma [3731 Let C and C' denote the kernel and cokernel of this homomor¬ 
phism. Then we obtain the sequence (|8]). Apply Jor to this sequence. Since Jor(Lie(Jor(N))) ~ 
Jor(N), exactenes of Jor implies Jor(C ) = Jor(C') = 0. Therefore C and C are trivial g- 
modules. □ 
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Corollary 3.7. (a) Let N £ Q-modi and qN = N, then the canonical map LiefJor(N)) -A N is 
surjective. 

(h) Let N £ g-modi and N B := {x £ N | qx = x} = 0, then the canonical map N —>• 
Lie(Jor(N)) is injective. 

(c) If M —y L —} 0 is exact in J-modi, then Lie(M) —>• Lie(L) -A 0 is exact in Q-mod\; 

Proof. Note that (a) and (b) follow from Lemma [3.61 since in (a) we have C' = 0 and in (b) we 
have C = 0. To prove (c) consider the exact sequence Lie(M) —>• Lie(L) —> C — > 0, where C is 
the cokernel of Lie(M) — > Lie(L) and apply Jor. Then again we have Jor(C) = 0. Note that by 
construction Lie(L) is generated by L = Lie(L)—\ and therefore Lie(L) does not have a trivial 
quotient. Hence (7 = 0. □ 

Lemma 3.8. Let P be a projective module in Q-mod± such that gP = P. Then Jor(P) is projective 
in J-modi ■ 

Proof. By Corollary 13.71 (a) we have a surjection Lie(Jor(P)) —» P. However, P is projective 
and that gives an isomorphism Lie(Jor(P)) ~ P. Now let M -A N —>• 0 be an exact sequence in 
J-modi. We rewrite it in the form Jor(Lie(M )) —>• Jor(Lie(N)) —> 0. Now we use 

Horn j(Jor(P),Jor(Lie(M))) ~ Horn §{Lie{Jor{P)),Lie(M)), 

Horn j(Jor(P), Jor(Lie(N))) ~ Horn g(Lie(Jor(P)), Lie(N)). 

By Lemma 13.71 c') Lie(M) —> Lie(N) -A 0 is exact, hence we have that 

Homg(P, Lie(M)) -a Homg(P, Lie(N)) —»• 0 
is also exact. Application of Jor implies exactness of 

Horn j(Jor(P),M) -A- Homj( Jor(P), N) —>• 0. 

The latter is projectivity of Jor(P). □ 

Corollary 3.9. Let L £ Q-modi be simple and non-trivial. Then Jor(L) is simple. 

Corollary 3.10. Let M £ Q-mod\. If ( M/radM)® = 0, then JorfradM) = radJor(M). 

Remark 3.11. One can construct functors Lie and Jor between the category of special Jordan 
modules and the category of Q-modules with grading of length 2. In this case these functors establish 
an equivalence of categories, see m for details. 
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In the rest of the paper we assume that the ground field k is algebraically closed of characteristic 
zero. Let g be a finite-dimensional Lie algebra which contains an sb-subalgebra a = (e, h, f) with 
short grading g = g_i © go ©gi induced by the action of h. We fix a Levi subalgebra g ss C g such 
that a C g ss and denote by r the radical of g. Then g is a semi-direct sum g ss 5 r. We assume in 
addition that 

r 0ss C [g,g] CZ(g) 

and g is generated by gi and g_i. These assumptions imply that r is a nilpotent Lie algebra. 
Define a decreasing filtration 

r = t 1 D t 2 D ... 

by setting r* := [t, r l_1 ] for all i > 1. Let If = x l /x l+l and write R = R 1 = t/t 2 to simplify 
notation. 

Let S be the full subcategory of finite-dimensional g-modules consisting of all modules M such 
that 


M = M_ i © Mi © M 0 © Mi © Mi 
2 2 

in the grading induced by the action of h. In this section we prove some general statements about 

5. 

We notice first that S = g-modi © g-rnod i is a direct sum of categories, and all simple objects 
in S are simple as g ss -modules. In what follows we denote by tr the trivial simple g-module. 
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Remark 4.1. It is useful to notice that the category S has a contravariant duality functor which 
sends M to M*. In particular, S is equivalent to S op . 

Remark 4.2. We also note that the tensor product of two modules from g-modi is a module from 
g-modi. So we have a bifunctor g-modi x g-modi —> g-modi. In the language of Jordan algebras 
that corresponds to the well-known bifunctor J-modi x J-modi —> J-mod\, see for example [12] . 
Section II. 10. 


4.1. Indecomposable projectives and Ext quivers. Consider the category (g,g ss )-mod of 
all g-modules M integrable over g ss . Note that g 5S -integrability implies that the action of h is 
semisimple and eigenvalues of h are in ^Z. Clearly, S is a full abelian subcategory in (g, g ss )-mod. 
We define a functor 

sh : (g,g ss )-mod S 

by setting M sh = M/N where N is the submodule generated by all graded components in M of 
degree greater or equal than |. Obviously, we have 

Hom g (M sh , I\) = Horn g (M,K) 

for any M £ (g,g ss )-mod and K £ S. In other words, sh is left adjoint to the embedding functor 
S —> (g, g ss )-mod. That implies in particular, that if P is projective in (g, g ss )-mod, then P sh is 
projective in S. 

To construct the projective cover P(L) of a simple module L £ S consider the induced module 

m = U(g) ® u(Bss) L. 

By Frobenius reciprocity /(L) is the projective cover of L in (g, g ss )-mod. Therefore P(L) = I(L) sh 
is the projective cover of L in S. 


Lemma 4.3. P(L) is finite-dimensional. 


Proof. Let M = P{L). Recall that S{ t) is the associated graded algebra of the universal enveloping 
algebra U(t) with respect to the PBW filtration. Let GrM be the corresponding graded S(t)- 
module. Note that GrM inherits the short grading of M and is generated by L. Let I = Anns( r ) L. 
Then I is a g ss -invariant ideal, and we have GrM ~ ( S(x)/I ) <8> L. Consider the g ss -invariant 
decomposition r = r' © Z(q). Let I' = I (~l S( r'). It is well know fact of representation theory of 
semisimple algebraic groups, that if dim Six')/ 1' = oo then there exists a g ss -highest vector v £ r' 
such that v m £ I' for all m > 0. That excludes the possibility dim^t')/.? 7 = oo since v £ r' x and 
the induced by action of h grading of S(v')/I' must be bounded. 

Thus, we have dimS'(t')//' < oo, which implies I' D (x') k for some k > 0. Therefore we have 


k 

»=o 

where Z(g) denotes the center of g. 

Since by our assumptions on g we have Z(g) C [r', r'] we obtain that for sufficiently large n 


Therefore M is finite-dimensional. 


m = j2 ^ L ■ 

i—0 


□ 


Let g := g/[t, t]. Then g = g ss 5 R where R = t/[t, r] is the abelian radical of g. We denote by 
Q{S) the Ext quiver of the category S , by Q(g) the Ext quiver of g-modi and by Q a (g) the Ext 
quiver of g-modi. Clearly, Q(S) is the disjoint union of Q(g) and Q^(g). 

Lemma 4.4. Let L and L' be two simple modules in S. Then 

Ext \{L',L) = Ext \{L',L) 

and dimExt^L', L) equals the multiplicity of L in L' ® R. 
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Proof. Consider a non-trivial extension of L, L' £ S 

then r M C L and r L = 0. Therefore [r, x\M = 0, and hence M is a g-module. That implies the 
first assertion. 

Now we use the fact that M splits over g ss , and the action R 0 L' —> L is a g .^-invariant map. 
Therefore Ext 0 (Z/, L ) ~ Hom 0ss ( L' 0 R, L). □ 

Corollary 4.5. Q(g) = Q(g) and Qs(g) = Qt?(g). 

Let P (respectively, P') be the direct sum of P(L) over all up to isomorphism simple L in 
g-modi (respectively, g-rnodi), A(g) := End 0 (P), As(g) := End 0 (P'). 

By general results usually attributed to Gabriel (see Appendix) we know that g-modi and 
g-modi are equivalent to the categories of finite-dimensional right A(g)~modules and AU(g)- 
modules respectively. 

4.2. Radical filtration of indecomposable projectives. In what follows we will need a de¬ 
scription of the first three layers of the radical filtration of an indecomposable projective P(L). 
To simplify notations we set P k (L) := rad k P{L)/rad k+1 P{L). We have L = P(L)/radP(L) by 
definition and P 1 (T) = (R 0 L) sh by Lemma l4~4l 

Let U (r) be the universal enveloping algebra of r and = (r) denote the augmentation ideal. 
We observe first that I(L) ~d(t) 0 Lasa module over r. Since the action of r is nilpotent on all 
modules in the category (g, g ss )-mod, we obtain that 

rad k I(L) = m k 0 L. 

Since P(L) = I(L) sh is a quotient of I(L) we obtain 

rad k P(L) =9\ k P(L). 

We proceed to describing P 2 (L). Let L be a simple g ss -module and 

7r:P 0 P 0 L->-(P 0 (P 0 L) sh ) sh , p : R 2 0 L -)■ (P 2 0 L) sh 
be the maps induced by the canonical projection X —>• X sh . Consider also the maps 

S : A 2 R —> R 2 , 5(x, y) := —[x, y] mod r 3 

and 

alt : A 2 R P 0 R, alt(x, y ) := x 0 y — y 0 x. 

Lemma 4.6. Let L be a semisimple g ss -module. Consider the maps 

(9) p : A 2 R 0 L R 0 R 0 L ^ (R 0 (R 0 L) sh ) sh 

and 

A : A 2 R 0 L R 2 0 L 4 (P 2 0 L) sh . 

Then P 2 {L) is isomorphic to the cokernel of p® A. 

Proof. The universal enveloping algebra U( r) is the quotient of the tensor algebra T(t) by the 
ideal generated by x 0 y — y 0 x — [x, y). In particular, at the second layer of the augmentation 
filtration we have 

fH 2 /fH 3 ~ (R 0 R 0 R 2 ) / (alt(x 0 y) + S(x, y)) x ^ R ■ 

Therefore I 2 (L ) := rad 2 1(L) / rad 3 1(L) is the cokernel of ( alt 0 1) 0 (S 0 1). 

Thus, the statement follows from the commutative diagram 

(10) P 0 P 0 L-(P 0 (P 0 L) sh ) sh 

I 2 (L) -P 2 (L) 


□ 
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Example 4.7. Let g = g = sl 2 5 R, where R = R\ © R 2 is a direct sum of two adjoint repre¬ 
sentations. Let L be the standard two dimensional sl 2 -module. Let us calculate P 2 {L) in g-modi. 
We observe that 

(R ffi L) sh ~ L ® L, (R ffi (R ffi L) sh ) sh ~LffiLffiLffiL. 

For any (xi,x 2 ), {y 1 , 2 / 2 ) € i? and v € L we have 

n({xi,x 2 ),(y 1 ,y 2 ),v) = ( x 1 y 1 v,x 1 y 2 v,x 2 y 1 v,x 2 y 2 v ), 

and 

p{(x ly x 2 ), (yi, 2 / 2 ), n) = ([xi, yi]u, xiy 2 v - y\x 2 v, x 2 yiv - y 2 xw, [x 2l y 2 \v). 

One can check that Coker/i = 0 and hence P 2 (L) = 0. 

Now consider the universal central extension g of g. Then we have g = gffik as a vector space, 
R 2 = k and 

5{(x i,x 2 ), (yi, 2 / 2 )) = trxiy 2 - trx 2 yi. 

Then R 2 <S> L = L and 

A((xi,x 2 ), ( 2 / 1 , 2 / 2 ),«)) = (trxiy 2 - trx 2 yi)v. 

Note that for A, B £ sl 2 and v £ V we have 

ABv + BAv = (2trAB)v. 

That implies P 2 (L) = Coker(A ffi y) = L. 

The above example illustrates that g-modi and g-modi are not equivalent. To construct a 
similar example for the categories g-modi and g-modi consider the Lie algebra g©s (2 and P{LMV), 
where V is the standard module over the second copy of sl 2 and El stands for the exterior tensor 
product. 

Lemma 4.8. Assume that [r, t] = 0. Then for any L £ g-modi we have P 2 (L) = 0. 

Proof. We use the fact that P 2 {L) is a g., s -subinodule of S 2 (R) ®L. Since we have (ri = 

(t_i ® L_i) sh = 0, P 2 (L)_ 1 is in fact a submodule in 

M = (s 2 t 0 <g> L_i J ffi (r 0 ffi t_i ffi Li \ . 

By our assumption on g there are no (g ss )_i-invariant vectors in to- Therefore M also does not 
have (g ss )_i-invariant vectors. Hence P 2 {L) = 0. □ 

4.3. Ext quivers J-modi and g-modi. Now let J \= Lie(g). Consider the category J-modi 
and recall the functor Jor : g-modi —> J-modi. If L £ g-modi is simple and not trivial, then 
Jor(L) is simple in J-modi and Jor(P(L )) = P(Jor(L)) by Lemma 13.81 and Lemma |3.51 

Lemma 4.9. Let 

P(J ) = 0 P(Jor(L)) 

L^tr 

and A(J) = End j(P(J)). Then 

A(J) = (1 - e tr )A(g)( 1 - e tr ), 

where et r is the idempotent corresponding to the projector onto P(tr). 

Proof. Follows immediately from Lemma 13.81 and the identity 

Lie{P(J)) = (1 - e tr )P, 

where P is the direct sum of all up to isomorphism indecomposable projectives in g-modi. □ 

Corollary 4.10. Let Q(J) be the Ext quiver of the category J-mod\ and Q'(g) be the quiver 
obtained from Q(g) by removing the vertex corresponding to the trivial representation. Then Q'( g) 
is obtained from Q(J) by removing some edges. 
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Proof. In notations of the previous proof we have 

Jor(P 1 ) C radP(J)/rad 2 P(J ). 

Hence the statement. □ 

Corollary 4.11. Let g = g, the radical x = R is abelian and simple over g ss . Then Q(J ) = Q'(g). 
Proof. We have to check that for any non-trivial simple L £ g-modi we have 
Jor(P 1 (L )) = rad(Jor(P(L)))/rad 2 (Jor(P(L))). 

As we already mentioned in the previous corollary we have 

Jor(P x (I/)) C rad(Jor(P(L)))/rad 2 (Jor(P(L))). 

If the inclusion is strict, then by Corollary 13.101 P 1 (L) contains a trivial submodule and P(L) has 
an indecomposable quotient M of length 3 such that 

M/radM = L, radM/rad 2 M = tr , rad 2 M = L ', 

where L 1 is some irreducible g-module. Consider the decomposition M = L © tr © L' over g ss . 
Since the action R®M — > M is g ss -invariant and R(rad l M ) C rad l+1 M , we have L ~ R *, L’ ~ R 
and for any x £ R, a £ L,b £ k, c £ L' 

x(a,b,c) = ( 0 ,ti(x,a),t 2 bx) 

for some t\ , t 2 £ k. By obvious calculation xy ^ yx if x and y are not proportional. Hence there 
is no such module. □ 

5. Applying Jor and Lie to the case of Jordan algebras of bilinear form 

Let E be a finite-dimensional k-vector space of dimension greater or equal 2 and q be a sym¬ 
metric bilinear form on E. Then a Jordan algebra of a bilinear form J = J(E, q ) is a vector space 
E © k endowed with a multiplication o 

(ei + Ai) o (e 2 + A 2 ) = A 1 A 2 + q(e\,e 2 ) + Aie 2 + A 2 ei, 

ei,e 2 £ E, Ai,A 2 £ k. In what follows we assume that q is non-degenerate and consequently 
J(E, q) is a simple Jordan algebra. It is useful to notice that J(E, q) is a Jordan subalgebra in the 
Clifford algebra C{E,q) generated by E C C(E,q). If dim A is even, then C(E,q) ~ Endk(£)> 
and S' is a unique up to isomorphism special irreducible J-module. If dim A is odd, then C(E, q) ~ 
Endk(S + ) ©Endk(S _ ), and J has two simple special modules S + and S~. 

We proceed to describing g = Lie(J). Let V be a n-dimensional vector space equipped with 
non-degenerate symmetric bilinear form (-, •). The orthogonal Lie algebra g = so n is the algebra 
of endomorphisms A : V —> V satisfying (Aw, v ) + (v, Aw) = 0 for all w, v £ V. Let F C V be a 
subspace of codimension 2 such that (■, ■) is non-degenerate on F. Choose a basis £,77 £ F 1 - such 
that (£, rf) = 1, (£,£) = ( 77 , 77 ) = 0. Let h £ g such that h(f) = £, h(rf) = — 77 , h(F) = 0. Then h 
defines a short Z-grading of g such that 

0 o = {A £ g | A(F) C F}, 01 = {A £ g | A( 77 ) £ F, A(F) C k^}, 

g_i = {A £ g | A(0 £ F, A(F) c k? 7 }. 

Any non-zero element f £ Qi defines a Jordan algebra structure ong_i isomorphic to J. In this 
way n = dim E + 3. 

Next we describe simple objects in g-modi and g-modi. This description is slightly different 
in even and odd case. Let n = 2m or 2m + 1, .. .ui m denote the fundamental weights. We 

denote by T the spinor representation of so n with highest weight for n = 2m + 1 and by T 1 * 1 
the spinor representations with highest weights w m _i and ui m for n = 2m, see Section 20.1 in [TS 
for details. Other irreducible fundamental representations of so n can be obtained by taking the 
exterior powers of the standard representation V. If n = 2m + 1 they are AW for i = 1,... m — 1 
with highest weights u>i,... ,u > m -1 respectively. Note that A m V is irreducible with highest weight 
2 u> m . If 71 = 2m, then AW for i = l,...m — 2 are fundamental representations, A m- W is 
irreducible with highest weight w m _i + w m . Finally, A”W splits into direct sum of two simple 
modules A + V © A~V with highest weights 2w m _i and 2w m respectively. 
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Lemma 5.1. Let g = so„. 

(a) Assume that n = 2m + 1 . Any simple object in g-modi is isomorphic to the spinor repre¬ 
sentation r and any simple object in g-modi is isomorphic to AW for some 1 < i < m. 

(b) Assume that n = 2m. Any simple object in g-modi is isomorphic to T + orT~. Any simple 
object in g-? 7 iodi is isomorphic to AW for i < m — 1 or A±V. 

Proof. We will prove (b) leaving (a) to the reader. After suitable choice of a Cartan subalgebra and 
Chevalley generators in g we may assume that /x(h) = (fi, to i) for any weight /x. Let /x be the highest 
weight of a simple g-module L. If L has grading of length 2, then (/x,wi) = ^. If L has grading of 
length 3, then (/x, oji) = 1. Note that (w^wi) = 1 for i < m — 2 and (ox m _i,wi) = (w m ,wi) = 
Therefore if L has grading of length 2, /x = u m -i or w m . If L has grading of length 3, we have the 
following possibilities: 

• /x = uii for i < m — 2 and L ~ AW, 

• /x = ojm- 1 + Um and L ~ A k ~ 1 V , 

• /x = 2oj m -i or 2u) m and L ~ A^V. 

□ 


Remark 5.2. In the case when g = S 02 m+i all simple modules are self-dual. If g = S 02 m then 
AT ~ AT*, while 


( r± r = 


T± if m is even , 
r T if m is odd, 


(A ± T)* = 


A±V if m is even, 
A T V if m is odd. 


Remark 5.3. An orthogonal Lie algebra SO 2 m has an involution r induced by the symmetry of 
its Dynkin diagram. It swaps ox m _i and iv m , and therefore t(T ± ) = TW t( A r V) = A r V and 
t{A ± )V = A^V. 

Next we calculate (M © N) sh for simple M, N G S, when g = so n . 

Lemma 5.4. Let g = so„ with n = 2m or 2m + 1. 

(1) For any 1 < r < q < m, 

r 

(A q V © A r V) sh = 0 A q ~ r+2i V. 


2 = 0 


(2) If n = 2m, then for any 1 < r < m — 1 

,. ±I ^ Ann8k \A ± V®A m ~ 2 V® 

v |A m -W®A m " 3 V 

(3) Suppose n = 2m, 1 < r < m, then 

, if r is even, 


< A m r V if r is even, 
. © A m ~ r V if r is odd. 


(r^AT ) 811 = 
(4) If n = 2m, then 


(r* © A ± ) sft = 


r T , if r is odd, 


L?J 


T ± , if m is even, 
0 , if m is odd. 


(r* © r ± ) s/ ‘ = (r ± ) 02 = a ± v © 0 A m ~ 2i v , 


Lfl 


(5) Ifn = 2m+1, then 


(T+ © r~) sh = r+ © T“ = 0 A m ~ 2i+1 v 

2=1 

m 

(v © r y h = r® 2 = 0 at. 

2=0 


Proof The formulas for tensor products are given in [19] , table 5, applying stl is straightforward. 

□ 
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6. Admissible quivers 

We call the quiver Q(g) admissible if the associative algebra k Q 1 (g)/rad 2 is tame. That happens 
exactly when the double quiver of Q'(g) is tame, see Theorem llO.il Let J be a unital Jordan 
algebra and g = Lie(J). Lemma l4~9l and Corollarv l4. 101 imnlv that if A(J) is tame, then Q(g) is 
admissible. Therefore the first step towards classification of tame A{J) is to classify admissible 

Q(fO- 

For the rest of this paper J will be a unital Jordan algebra such that J ss is a direct sum of 
Jordan algebras J{E,q ), where q is non-degenerate and dim if > 4, g is the Lie algebra obtained 
from J by the Tits-Kantor-Koecher construction. 

In this section we classify indecomposable Lie algebras g with admissible quivers Q(g) such that 
g ss is a direct sum of so n with n > 7. If g ss = so ni ©so„ 2 , then V and W denote the standard 
representations of so ni and so„ 2 respectively. 

Theorem 6.1. Let g = Lie(J), where J is a unital indecomposable Jordan algebra, such that J ss 
is a direct sum of Jordan algebras of bilinear form over vector space of dimension greater or equal 
than 4 and r ^ 0. If Q( g) is admissible, then Q(g) is one of the following quivers: 


( 11 ) 


Q? m+1 : 


7o 7i 72 



< 5 o 82 



A m -7 


7m-1 


6m -1 



7 m 





Oil 

OL2 

73 

r> 


(13) 

Q2 : 

v r " A 3 y ^ 71 

hi ■ 

72 C A 2 !/ ' ; 

h 

*'A+^ ^ tr 

A 



A 3 W 



r+^r- 





w 


A~V 


A ~W 


Ti iei r 2 
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Indecomposable Lie algebras 0 = 0 = 0 SS © R with admissible Q(q) are listed below. We will 
further refer to this list as List A : 

(1) 0 = S02m+1 3 V, m> 3, Q( 0 ) = Qam+i; 

(2) 0 = so 2 m $V, m> 4, Q( 0 ) = Q^ m ; 

(3) 0 = sc >8 5 A 1 * 1 ; <3(508 + A + ) = Q 2 , while Q(sOs 5 A - ) is obtained by application of r to 
Q 2 , see Remarl l573[ 

(4) 0 = (so 8 0 so 8 ) s rf ie rf ,• <3((so 8 © so 8 ) s rf e r^) = q 3 , the quivers corresponding 

to r+ IE r^, (F(~ E r+ and Tf E r^-; are obtained from Q 3 applying 1 x r (respectively 

t x 1 and t x t). 

(5) 0 = (50s © SO 10 ) Tf, Q ((so 8 ©SO 10 ) 5 Ff E ) = Q 4 , while other quivers are 

obtained by application of 1 x r, r x 1 and t x t to Q 4 . 

(6) 0 = (soio ©SO 10 ) 3 rf E <3 ((soio © SO 10 ) 5 r+ E T^) = Q 5 , while other quivers are 

obtained by application of 1 x r, r x 1 and t x t to Q 5 . 

Proof. Suppose J satisfies the conditions of the theorem, then 0 = Lie(J) = 0 SS 3 r, where 0 SS is 
a direct sum of orthogonal algebras so„, n> 7. Since <3(0) = <3(0) we may assume that 0 = 0 and 
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hence t = R. To construct Q(g) we use Lemma lOl We start with classifying admissible quivers 
Q(g ) in the case when R is an irreducible faithful g ss -module. 

Consider first the case g = S 02 m +i 5 R, m > 3. There are m + 1 simple modules in the 
category g-modi, namely tr and A r V, r = 1,..., to, thus Q(g) has m + 1 vertices. Let R = V be 
the standard representation of sc> 2 m+i- Tensor product formulas in Lemma l5.4lffll imply that the 
quiver of S 02 m +i 5 V is Q 2m+1 . It is admissible by Theorem llO.llEl) . 

Next we claim that if R = A r V , r > 2 then the quiver Q(g) is not admissible. In¬ 
deed, Lemma limfTl) implies that A m V and A m ~ 1 V are simple constituents of A m V <8> A r V, 
A m V, A na ~ 1 V 1 A m ~ 2 V are simple constituents of A m ~ 1 V 0 A r V, while A m_1 y and A m ~ 2 V are 
simple constituents of A m ~ 2 V <S> A r V. Therefore Q(g) has the following subquiver 

n 

(17) A m ~ 2 V ~ ^ A m "W 

The corresponding double quiver is wild by Theorem ll0.1tl2l) . hence the double quiver of Q'(g) 
is wild by Lemma H 0.2 1 Therefore Q(g) is not admissible. 

Next, let us consider the case g = S 02 m 3 R, with m > 4. All up to isomorphism simple objects 
of g-modi are tr, A r V, r = 1,..., m — 1 and A+V, A~V. By Lemma lSAl Q(s 02 m 3 V) = Qf m . It 
is again admissible by Theorem IIP. llEl) . 

Let R = A r V, r = 2,...,m — 1. We will show that Q{g) is not admissible. Lcmma lATlfTl) 
implies that if m is even, then A m ~ 1 V <8> A r I7 contains A m ~ 1 V with multiplicity 2 and A m ~ 3 V 
with multiplicity 1. Hence <3(g) has the subquiver 



n 

(18) A m ~ 3 V^ - A m ~ 1 V 

U 


Thus, Q(g) is not admissible by Theorem 110.11 and Lemma Tl 0.21 

Similarly, if m is odd, A m-1 H <g> A r V contains A m ~ 2 V with multiplicity 2 and A + V with 
multiplicity 1 . Therefore Q(g) has the wild subquiver 

(19) A m - 2 F^=A m " 1 y- ^A+H 

Thus, Q(g) is not admissible by Lemma fll).21 

Let R = A^V. For g = sc >8 5 A+H the Ext quiver of g-modi is Q 2 , which is admissible. The 
same applies to Q(g) for g = sos 5 A~V, since the involution r interchanges the vertices A + y 
and A-y of Q 2 - 

By Lemma lA4ll2l) we obtain that Q'(g), where g = SO 10 3 A + y, has the subquiver 


( 20 ) 


SO 10 + A+ : 


y 



A+y 

A 4 y 


A-y 


By Theorem I10.1ll2ll the double quiver of the above quiver is wild. Hence Q(g) is not admissible. 
The same argument works for R = A~V. 

For m > 6 one of the following subquivers 


( 21 ) 


A m-4y ■ 


n 

A m-iy ' 


A+ 0 


if m is even 
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(22) A m ~ 6 V A+ - A m ~ 3 V 



A m ~ 4 v -s-A” 1 - 1 !/-s- A m ~ 2 V if TO is odd 

is a subquiver of Q'{s 02 m + A+F). Both have wild double quivers and hence are not admissible. 

Next we move to the case when g ss = so mi ®so m2 , mi, m 2 > 7, and R is an exterior tensor 
product of spinor modules T or , depending on the parity of TOi and m 2 , see Section 5 for 
details. 

First, assume that mi = 2to + 1 and m 2 = 2n + 1 are odd, m, n > 3. Denote by Tj, i = 1, 2 
the spinor representations of so mi . Let g = (so 2m+ i ffiso 2ra +i) 5 Id IEr 2 . Lemma 15.41 (51 implies 

m n 

((r, ie r 2 ) 0 (r x e r 2 )) sh = 0 aV ® 0 a 1 w. 

2=0 2=0 

Therefore <3'(g) has a wild subquiver 

(23) A 2 V A 3 V A 2 W 

v ^ -Ti e r 2 -^ w 




and hence Q{g) is not admissible. 

Next let mi = 2m + 1, m 2 = 2 n, n > 3, to > 4 and g = (so 2to +i ffi so 2n ) 5 F^. By 

Lemma lA4l 141 and (5) we easily obtain that ((Ti E rj) < 8 > (Fi ^ (F 2 ~)*)) s,! has at least five simple 
constituents: 

V, A 2 V, A 3 F, A 2 W, A 4 W (A + W if to = 4). 

Therefore the vertex Ti E (Tj )* has at least five outgoing arrows in Q'(g). As in the previous case 
Q(g) is not admissible. The case of the algebra R = Ti E T^" can be reduced to the previous one 
by applying 1 x r. 

Finally, we have to deal with the case when both toi = 2m and m 2 = 2 n are even, n > m > 4. 
Using Lemma lQl (l3l). (HI) we obtain that quivers Q(gi), i = 3,4, 5 of algebras 

03 = ( S0 8 © £08) ® h) 1 " E rj, g 4 = (so8 ® £Oio) 5 T) 1 " E r+, g ,5 = (soio © SO 10 ) 5 r+ IE r+ 

are Q 3 , Q 4 and Q 5 respectively. By direct inspection they are admissible. Furthermore, the same 
is true for R = E r±, by application of r x 1, 1 x r or t x 7 . 

We claim that if m > 4, n > 6 and R = F) 1- E rj, then Q(g) is not admissible. Indeed, we use 
the same argument as before. Lemma lA4l 141 implies that ((F^ EF^) ® ((F) 1- )* IE (r^")*)) s?i has at 
least five simple simple constituents: 

A 2 U, A 4 U (A+F if m = 4), A 2 IF, A 4 IF, A 6 1F (A+IF if n = 6 ). 

There are at least five outgoing arrows in Q'(g) from the vertex (T) 1- )* E (T^)*. Theorem 110.1101 
implies that Q(g) is not admissible. 

We have shown that if R is a faithful irreducible module, g is indecomposable, then Q(g ss 5 R) 
is admissible if and only if g is one of the algebras from List A. It remains to prove that Q(g) 
is not admissible if R is not simple. It follows from the observation that adding an irreducible 
component to R implies adding at least one outgoing arrow to the vertex corresponding to A 2 V 
or A 2 IF. We leave it to the reader to check that adding such an arrow to one of the quivers from 
the list makes the corresponding double quiver wild. □ 

Remark 6.2. If g is from List A, then g = g since (A 2 R) Bsa = 0. 
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7. Relations in the case of abelian radical 


Let us assume that g = Lie(J) is a Lie algebra from List A. The goal of this section is to show 
that for any such g the algebra A(J) is tame. Recall that by Corollary 14.1 II AiJ] is a quotient of 
the path algebra kQ'(g) by some ideal I. It turns out that / is generated by quadratic relations 
and to describe them it is sufficient to calculate P 2 {L) for simple L in g-modi. We will see also 
that rad 3 (A(J)) = 0. 


7.1. The case of simple g ss . In this subsection we assume that g ss is simple, i.e. g is a Lie 
algebra from (1),(2) or (3) of List A. 


Proposition 7.1. Let g = so n 3 V. Then the first three layers of the radical filtration of inde¬ 
composable projectives in g-modi are as follows 


A r V 

A r ~ 1 V ®A r+1 V 
(24) A r V 

if n = 2m + 1, 0 < r < m 
if n = 2 m, 0 < r < m — 2 


A m-1 y 

A m -2y© A+V © A~V 

A m_1 y 


if n = 2m 


a+v 

A m ~ l V 

~A W~ 


if n = 2m 


Remark 7.2. Note that for an odd m we have P 1 (A m V) = A m 1 V © A m V due to isomorphism 
A m Y ~ A m+ 1 P. We also assume A~ l V = 0. 


Proof. For any v £ V we introduce the following operators m„, i v £ End(A*P): 

. . m v (x i A • • • A x r ) = v A x\ A • • ■ A x r , 

i v (xj_ A ■ ■ ■ A x r ) = X^.- 1 (v,Xi)(-l) , ~ 1 x 1 A ■ ■ ■ AXi A ■ ■ ■ A x r , 
x = X\ A • • • A x r £ A r V. These operators satisfy the following well-known relations: 

iy^w © iyu^v b, 

(26) m v m w + m w m v = 0 ; 

i v m w + m w i v = (■ v , w). 

Moreover, the action of algebra so„ ~ A 2 V on A*V can be written as 

(27) Tvaw(x) = in v i w (x) — m w i v (x), x £ A*V, v Aw £ so„. 

First assume that n = 2m + 1, then any simple module L in g-modi is isomorphic to A r V for 
some 0 < r < m. 

By Lennna lim 

P\L) = (L<8) V) sh ~ A r ~ 1 V © A r+1 P. 

Note that g ss -invariant maps A r V<g>V -A- A r+1 y and A r y( 8 )y -A A r ~ 1 V are given by x<E>v i—>• m v (x) 
and x < 8 > v i v (x) respectively. To describe P 2 (L) we use Lemma 11.61 with A = 0. Indeed, 

(R 0 (R ® L) sh ) sh = A r+2 V © A’W © A r V © A r " 2 y, 

and ESI) . (1271) imply 

li(v,w,x) = (2m v m w (x),-T vAw (x),T vAw (x),2i v i w (x)). 

That implies P 2 {L) ~ L. 

Now let n = 2m. In this case the calculation of the radical filtration of P(L) for a simple 
L = A r V for r < m — 1 is the same as in the case of odd n. It remains to consider the cases 
L = A ± V. Then we have P 1 (L) = (L <g> V) sh = A m ~ 1 V. Recall that we have a decomposition 
A m V = A+V © A~V. After suitable normalization 

(28) A ± V = {x £ A m V \i v {x) = ±ifm v (x), for all v £ V}, 

where if : A m+1 V -A- A m ~ 1 V is an isomorphism of simple g ss -modules. Furthermore, 

(R®(R® L) sh ) sh = A m ~ 2 V © A m- 1 V, 
n(v,w,x) = (2 i v i w (x),T vAw (x)). 

The relation (1271) imply Irn/r = A m ~ 2 V © L. Therefore we have P 2 (A+V) = A+V. □ 
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Proposition 7.3. Let g = S 0 s 5 A + V. Then A V is projective and other indecomposable projec- 
tives have the following first three layers in the radical filtration 

A 2 V A+F A 3 F V 

(29) A 2 V®A+V A 2 Y® A+Y ffitr V ©A 3 Y IW 

A 2 V A+Vetr 

Proof. It follows from Lemma lS/ll that A~V is projective in g-modi. To describe the projective 
covers of A 2 V and A + Y we use an automorphism 7 of sog, induced by a rotation of the Dynkin 
diagram D 4 . Twisting by 7 defines the following identifications on simple modules 

v^v+, a 2 v^a 2 v, a 3 y-> (y®r -) 0 A + ^S 2 V 0 , 

where by .S' 2 Vo we denote the traceless part of S 2 V and V < 8 > T~ = ( V © F _ ) 0 © F + . 

Let us calculate P 2 (L) for the case L = S 2 V 0 using Lemma 14.61 with A = 0. We identify S 2 V 
and A 2 V with the spaces of symmetric and skew symmetric matrices respectively. We have 

(R<8> (R®L) sh ) sh = A 2 Yffi A 2 V ® S 2 V ® S 2 V 0 , {R 2 © L) sh = K 2 V © S 2 V 0 , 

and 

tt(X © Y © A) = ({X, [Y, A]}, [X, {Y, A}], (X, {Y, A}}, [X, [Y. A]]), 
where {C, B} = CB + BC and [C, B} = CB — BC. Next we calculate /i: 

© Y © A) = ({A, [X, Y]}, {A, [X, Y}} + 2 XAY - 2YAX, [A, [X, Y]], [[X, Y),A }). 

From this formula we see that cokernel of p is isomorphic to S ' 2 Vo © tr. 

Now let L = A 2 V. Then 

{R © (R © L) sh ) sh = A 2 V © A 2 V © S 2 V © S 2 V 0 , ( R 2 © L) sh = A 2 V © S 2 V 0 , 

and 

tt(X © Y © A) = ({X, [Y, A}}, [X, [Y, A]], {X, [Y, A]}, [X, {Y, A}]), 
p(X © Y © A) = ([A, [X, Y]], [A, [X, Y)],{A , [X, Y]}, {A, [X, Y]} + 2 XAY - 2YAX ), 
and cokernel of pL is isomorphic to A 2 V. 

Next we construct the projective covers of V and A 3 Y in g-modi. We will show that both 
modules have Loewy length two. Let {e*, e_i 11 < i < 4} be the basis of V such that with respect 
to the form on V, (ej, e_j) = Si-j, i,j G {1,2,3,4}. Then A 4 Y is spanned by 

e»i A ei 2 A ei 3 A ej 4 , £1 i. 2 ^ ^3 ^ 

to check whether given element of A 4 Y belongs to A + V we use ([28]) . 

From Lemma l5~4l 

P l (A 3 Y) = (A 3 Y © A + V) sh = V © A 3 V, P 1 (V) = (V © A+V) sh = A 3 V. 

One can check that sog-invariant maps 

0| : A 3 Y©A+Y-> A 3 Y, 0? : A 3 Y © A + V -> V, 0^ : Y © A+YA 3 Y 
are given by 

(30) 03 {x\ A X 2 A x 3 © Hi A U 2 A t ) 3 A u 4 ) = ^ sgn(j, k, l)m Xj i Xk i Xl (v 4 A v 2 A v 3 A i> 4 ), 

1 < j, k, l < 4 
j * k ± l 

(31) 0? (27 A x 2 A x 3 © vi A v 2 A v 3 A v 4 ) = ^ sgn(j,k,l)i Xj i Xk i xl {vi Av 2 Av 3 Av 4 ), 

1 < j, k,l <A 
j^k^l 

(32) 0 3 (xi © v± A v 2 A v 3 A v 4 ) = i Xl (17 A v 2 A v 3 A v 4 ). 

Here V\Av 2 Av 3 Av 4 G A + V, Xj G V, 1 < j < 4, sgn(j, k, l) is the sign of permutation {j, k, l ) G £ 3 , 
while m Xj and i Xj are given by (l25l) . 
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To show that P 2 (V ) = 0 we describe map y for L = V, see Lemma, [Oil Observe that A = 0 
therefore P 2 (V) = Coker/i. We have 

(A+y 0 (A+y 0 vy h y h = y® A 3 y, 

hence 

W, x) = 0 v) 0 w) - (j)\{<j>\(x 0 w) 0 v), (j)l((/)l(x (j) 3 {(j)\{x 0 w) 0 v)), 

where v, w £ A + y, x £ V. Suppose v = ei A en A e 3 A e 4 , w = e_i A e _2 A e _3 A e _4 and x = ei, 
then 

y(v, w, x) = (—ei, ei A e 2 A e _2 + ej A e 3 A e _3 + ei A e .4 A e_ 4 ). 

Since Im/x is g ss -invariant and y(v,w,x) generates V ® A 3 y as a g S5 -module, we obtain P 2 (V) = 
Coker y = 0. 

To check that P 2 (A 3 V) = 0, note that (A+y 0 (A+y 0 A 3 V) sh ) sh = y 0 A 3y 0 A 3y and this 
projection is given by 

n(v,w,y) = (^(^( 1011 ) 0 ai), ^( 4 (t/ 0 ») 0 w), ^(( 13 ( 101 >) 0 t«)), 
v, w £ A+y, y £ A 3 y and y(v, w, y) = ( alt 0 1) o 71 , see Lemma l4~6l Choosing 

v = ei A e_i A e 3 A e 4 + e 2 A e _2 A e 3 A e4, w = e_i A e _2 A e _3 A e_ 4 , y = e 1 A e 2 A e 3 
we obtain that 

y{v, w, y) = ( 2 e 3 , e\ A e_i A e 3 + e 2 A e _ 2 A e 3 , — 2e 3 A e 4 A e _4 — ei A e_i A e 3 - e 2 A e _ 2 A 63 ). 

Observe that g ss -submodule generated by y(v,w,y) coincides with V ® A 3 y ® A 3 y. Hence 
P 2 {A 3 V) = Coker y = 0. □ 

Corollary 7.4. If g = so n 5 V or g = S 0 g 5 A+y and P 2 {L) / 0, then Jor(P 2 (L)) is simple 
and coincides with the socle of Jor(P(L)/rad 3 P(L)). 

Proof. Follows from direct description of P(L). □ 

Theorem 7.5. (1) If g = S 02 m +i 3 V, then A(J) = k(Q 3m+1 )'//, where I is generated by 

the following relations with r = 2 ,..., m — 1 

y r _iy r = S r 5 r —1 = 0, 

(33) 7r—1<^7—1 = dr'yri 

^fm—ldm — 1 7m‘ 

(2) If g = SO 2 m 5 V, then A(J) = k(Q \ m )'/I, where I is generated by the following relations 
with r = 2 ,..., to — 2 

7+<5+ = 7 r _i Ar = 8 r S r -1 = 0, 

(34) 7r-— 1 A,— 1 = Sr'fr, 

7m-2^m-2 = <5+7 + = 7“ • 

(3) If g = S 0 g 5 A+y, then A(J) = kQ ' 2 /I, where I is generated by 

/nr\ oil Pi = Piai = /9i7i = 7 iOi = 7 ? = o 2 72 = 72/^2 = 73^2 = #273 = 0, 

( j 72 2 = foa 2 , 73 2 = «2/3 2 . 

(4) All above algebras are quadratic, satisfy rad 3 A(J) = 0. Furthermore, in the first two cases 
A(J) is a Frobenius algebra. 

Proof. Corollary 17.41 implies that all paths in Q'(g) of length 2 leading from vertex i to vertex j 
are proportional with non-zero coefficients. Moreover, after suitable normalization one can make 
them equal. 

It is straightforward that the quadratic relations imply rad 3 A(J) = 0. Finally, in the first two 
cases A(J) is a Frobenius algebra since P{L)* ~ P{L) if L y A+y and m is odd. In the latter 
case P( A+y)* ~ P( A+y). □ 
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7.2. Mixed case. Now we will deal with the case when g is (4),(5) or (6) from List A. We will 
prove first some statements about more general situation. Assume that g ss = g; ffi g r , where 
g; and g r are simple Lie algebras and R = T; [3 r r , where T; £ g; — modi and F r £ g r — 
modi. In our situation g; and g r are orthogonal Lie algebras, hence both T; and r r are spinor 
modules. Since spinor modules are minuscule, then its tensor product with any irreducible module 
is multiplicity free. In particular, S' 2 !?;, A 2 ]?; (respectively, S 2 F r , A 2 F r ) are multiplicity free 
disjoint g l (respectively, g r )-modules. 

Note that the s^-subalgebra a is the diagonal subalgebra in ai © a r , where cq and a r are 
s^ 2 -subalgebras in g; and g r respectively. Therefore any module M in g-modi is equipped with 
with Z/2 ffi Z/2-grading 


(36) 


M = 0 -^( 1 , 0 ) © Af( 0 ,i) ffi M^i i^ © AI(q j o) © Af(_ li0 ) © Af(o,—i) © 


such that short grading of M with respect to a is given by 


A/*, — M i} j. 

i-\-j=k 


Lemma 7.6. Let v be a highest weight vector in L. 

(1) S k R(y) generates P k (L). 

(2) If w £ P k (L ) is a highest weight vector, then w £ S k R(v). 


Proof. Both assertions are obvious. 


□ 


Lemma 7.7. (a) Let L be a simple non-trivial module in Q-modi. Then L £ Qi — modi, L £ 
g r — modi or L is isomorphic to AM B for some simple A £ g; — modi and B £ g r — modi. 

(b) If L £ gi — modi (resp., L £ g r — modi), then P 3 (L) = 0 and P 2 (L) £ g r — modi (resp., 
g; - modi); 

(c) If L = AM B, then P 3 (L) is a trivial g ss -module. 

Proof, (a) Follows easily from the double grading. Indeed, we have the following three possibilities 

• L = Li o © Lq o © L-qo; 

• L = Lop ffi Lo,o ® £o,—i; 

• L = Li i ffi L _i _i. 

2 ’ 2 2 ’ 2 

(b) Without loss of generality assume that L = Lyo ffi Lo,o © L-i,o- Let v £ L,w £ P 3 (L) be 
g S5 -highest weight vectors. Then v £ L( 10 ),m £ P 3 (L)^i and by Lemma [Tbl we have 

w€ Y, R (-h,i) R (-bi) R (h,k) v - 

i,j,ke{±\} 

But = 0 by (l36l) . Contradiction. 

If we assume that w £ P 2 (L) is a highest vector, then by the similar grading consideration we 
have 

we Y R (-bA R (-bv v - 

hfc,e{±|> 

This implies that the degree of w is (0, 0) or (0,1). Hence P 2 {L) £g r - modi. 

(c) Now let L = Li i ffi L_i _i , v £ L,w £ P 3 (L) be g S5 -higliest weight vectors. We want to 
show that the degree of w is (0,0). Indeed, assume without loss of generality that degree of w is 
(1, 0). Then v £ Li i and we have 

wG Y R (-bi) R (hd) R (bk) v - 

But i?(ii) = 0 by (l36ll . Contradiction. □ 

Corollary 7.8. We have rad 3 A(J ) = 0. 
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Lemma 7.9. Let L be a simple non-trivial module in g-modi. Then the length of the radical 
filtration of the indecomposable projective P(L) is at most 3. Moreover, it is 3 in one of the 
following cases 

(1) L is a simple submodule in S 2 T* (respectively, A 2 T(). Then P^-{L) = F ; *[>3r r and P 2 (L) = 
S 2 T r (respectively, K 2 V r ). 

(2) L is a simple submodule in S 2 T( (respectively, A 2 r* / ). Then P l (L ) = and P 2 {L) = 

S 2 Ti (respectively, A 2 Ti). 

(3) L = F^IEir*, thenP(L) is self-dual with P 2 (L) = F r Er/ anrfP 1 (L) = (Fi0r*©r r 0r*)/tr. 

Proof. We have to consider three cases as in Lemma 17.71 

The first two cases are similar by symmetry. Therefore it is sufficient to consider the case 
L e 0z — modi. Then we have 

P\L) = ( R®L) sh = (T ; ® L) sh HI r r . 

Furthermore, 

(37) (R 0 (R <g> L) sh ) sh = C © D, 

where C G 0 ; — modi, D £ g r — modi, and we assume in addition that C Bl = 0. Due to Lemma 
17.71 b) we know that P 2 (L) = Coker/l, where p is the composition of y, defined in Lemma 14.61 
with the natural projection on D. More precisely, D = (T; ® (T; ® L) sh ) Bl E (r r ® F r ). If D y 0, 
then (Tj ® T; ® L) Bl y 0, which is only possible when L is a simple submodule in (T; ® T;)*. In 
this case the multiplicity of L in (Tj ® T;)* is one. Therefore D = T r ® 

Let I be a submodule in S 2 T(. Let vi,V 2 G Tj, W\, w -2 G T r and x ■ y G S 2 T*. Then 

p,(viMv2,wiMw2,x-y) = {(x,v 1 )(y,v 2 }+(y,v 1 )(x,V2))wi®W2-{(x,V2){y,vi)+(y,V2)(x,vi))w2®w 1 . 
Thus, Imp = A 2 T r and hence P 2 (L) = S 2 T r . 

In the similar way, with the change of sign, one obtains that if L is a submodule in A 2 T*, then 
Im/I = S' 2 T r and hence P 2 (L ) = A 2 T r . 

We also have an explicit construction of P(L). Assume for example that L C S 2 T*. There 
exists an indecomposable module M of length two in g-modi with submodule T r and quotient T*. 
Then S 2 M € g-modi is indecomposable, with the radical filtration: M° = 5 l 2 T*, M 1 = T* Kl T r , 
M 2 = S 2 T r . One can check that L C M 0 generates a submodule isomorphic to P(L). 

Now assume that L = A IE B as in Lemma EZTc). If A y r; and B y T*, then P(L ) 1 = 
(L ® R) sh = 0 and hence P(L) = L. Assume next that A y T* and B = F*. Then 

P 1 {L) = T l ®A 

and 

{R 0 (P 0 L)) sh = (T, 0 F ; ® A) sh E T r . 

Furthermore, if we denote by 7 q the natural projection T; ®T; ® A —>• (Tj ® T; ® A) sh , then for all 
vi,v 2 GTj, W\. w 2 G r r and a G A, b £ B we have 

y{v\ E wi, v 2 Kl w 2 ,a E b) = (b, w 2 )ni(vi,v 2 ,a) K1 tdi — (b, W\)ni(v 2 , Vi , a) E w 2 - 

Since 7 q is surjective, we obtain Coker y = 0 and hence P 2 (L ) = 0. 

Finally, we assume that L = T* IE F*. In this case 

P 1 (L) = (R 0 L) sh = tr © (r; ® T*)o © (F r ® F*) 0 , 

where (X ® X*)o denotes the traceless part of X ® X*. Then 

{R ® (R ® L) sh y h = rjr r © (r ; ® (r ; ® r () 0 y h e r r © r, e (r r ® (r r ® r * r ) 0 y h . 

We notice that (F; ® (T/ ® F*)o) s/l — T; with the natural projection 717 : T; ® (F; ® F*)o —> T; 
given by the formula 

TTl(vi,V 2 ,x) = (x, V\)v 2 - {x,V 2 )v 1 . 

We have analogous formula for 7 r r : r r ®(r r .®F*)o -A- r r . Then 7 r : —> (R®{R®L) sh ) sh 

is defined by 

w(viMwi,V 2 ^W 2 ,xMy) = ((x,V 2 )(y,w 2 )viMwi, {y,w 2 )T: l (v 1 ,V 2 ,x)^w 1 , {x,v 2 )v 1 ^n r {w 1 ,w 2 ,y). 
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By tedious straightforward calculations one obtains that 6 : ( R<g> (R® L) sh ) sh — >• T; Er r defined by 
0{x i, X 2 , X 3 ) = 2 X 1 —X 2 — X 3 gives the cokernel of p. Therefore, we obtain P 2 (L ) = T;IEr r . Finally, 
let us prove that P 3 {L) = 0. Assume the opposite. Then P 3 (L ) is trivial and every submodule 
N generated by a simple submodule L' in P 1 (T) has Loewy length 3 with trivial submodule in 
rad 3 N. That contradicts description of P 1 {L) and P 2 (L'). 

We leave to the reader to check that P(L) ~ M * where M is defined above in this proof. □ 

We use the last lemma in order to determine A(J), equivalently the relations in Q'(q), when g 
in List A and g ss = so 2m © so 2n , rti, n G {4, 5}. 

Theorem 7.10. (1) If g = (so 8 ©so 8 ) 3 r+ IE T^", then A(J ) = kQ 3 /I, where the ideal I is 

generated by 

(oo\ a iPi = a j@ji Pi a i = $i T j = T i^j = 0, 1 < *, j < 4; 

' /3 2 oi = p4ai = /3i«2 = P3Ct2 = ha-3 = /3 4 a 3 = /3ia 4 = /? 3 a 4 = 0. 

(2) If g = (so 8 © SO 10 ) 3 T+ E then A(J) = kQ 'JI, where the ideal I is generated by 

/oq\ Pi a i = Pi a R 1 < i,j < 4; a,:<5i = aiS 3 = 0, i / 4; a t S 2 =0, i ± 3; 7 i/ 3 3 = 0, * = 1,3; 

7i/?4 = 0, * = 1,2; 7,/3i = 7i/3 2 = 0, 1 < * < 3; 5j7j =0, j = 1, 2; Tip, = 0, * = 1,2. 

(3) If g = (soio ©soio) 5 r+ E T^, then A(J) = kQg/7, where the ideal I is generated by 

(40) aq /? 2 = « 3 /3 2 = a 2 Pi = a 2 /3 3 = 71 <5 2 = 73^2 = 72^1 = 1283 = 0; pm = pjTj, 1 < i, j < 4. 

Proof. In order to write down the relations in the path algebra kQ'(g) it is enough to describe all 
projective covers of simple non-trivial modules of Loewy length three. (Recall that by Lemma. [7.7l 
all indecomposable projectives have Loewy length at most three). 

Let g = (so 8 © so 8 ) 5 Tf E T^"■ For so 8 -spinor module T+ we have 

(41) (F+)*=r + , S 2 (T + ) = A+V®tr, A 2 (r+)=A 2 R. 

By Lemma lTUl we obtain the following indecomposable projectives of Loewy length three. 

(42) 

A+V A+W A 2 V A 2 W r^ErJ 

r+ ET+ r+ ET+ F+ EF+ r+ Er+ tr © A 2 V © A+y © A 2 W © A+W 
A+W © tr A+V ®tr A 2 W A 2 V F+ E 

The relations in A(J) = k Q' 3 /I follow from (1771) . They imply rad 3 A(J) = 0. 

Let g = (so 8 © so 4 o) jr|E For soio-spinor modules Tj we have 

( 43 ) (r+)* = r;r, sP(rf) = a ± w©w, A 2 (r±) = A 3 w, rj © = tr © a 2 w © a 4 w. 

By Lemma l7.9l the indecomposable projective modules of Loewy length three in g-modi are the 
following: 

(44) 

a 2 v a+v a 3 w a ~w w r+Er^ 

r+ et+ r+ et+ r+Erj r|Er 2 _ r+Er 2 _ tr © a 2 v © a+v © a 2 w © a 4 w 
A 3 W A+W© W A 2 V A + V © tr A+V © tr r+ET+ 

The relations (l39l) in A(J) follow and imply rad 3 A(J) = 0. 

Finally, if g = (so 10 ©so 4 o) 5 Tf Er 2 , using (1751) . we apply Lemma, [7751 to obtain the indecom¬ 
posable projectives in g-mod 4 : 


A~V 

V 

A 3 V 

A~W 

w 

A 3 W 

rrEr+ 

F7EF+ 

F7Er+ 

r+Er 2 - 

r+ e r 2 - 

r t a r 2 - 

A-W© W 

A~W © W 

A 3 W 

A~V®V 

A-TffiT 

A 3 V 


y J Tj" E 

tr © A 2 T © A 4 T © A 2 W © A 4 W 

F+ E r+ 

The relations (17U1) in A(J) follow and imply rad 3 A(J) = 0. □ 
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7.3. Tameness. 


Theorem 7.11. The algebras A(J) described in Theorem \ 7. 5 \ and Theorem ] 7. 1 0 \ are tame. 

Proof. First, we deal with the cases g = so n 5 V, g = S0s 5 A + V and g = (sos © so§) 5 
rj 1 " ET^. We note that A(J) satisfies the conditions of Theorem llO.41 Theorem ll0.1[l2l) implies 
that Jor(so n 5 V) is of finite type, while Jor(s o 8 5 A + ) and Jor((so s ©so 8 ) 5 F+ ET^) are tame. 

Next, let g = (sos ©soio) 5 r+ E Tj then A(g) = A 1 © A 2 © A 3 is the direct sum of subalgebras 
such that A 1 = k, Q(A 2 ) has four vertices and Q(A 3 ) has ten vertices, see (fl5l) . Observe that 
rad 2 A 2 = 0 therefore A 2 is of finite representation type by Theorem l 10.1 [Ell . 

Let us show that A 3 is tame. Let /i = (ai/3i)i<i<4 = rad 2 A 3 e T + w -, put B = A 3 /Ii. Note that 
the projective P(T+ El satisfies the condition of Lemma flO.31 Therefore an indecomposable 
A 3 -module non-isomorphic P(Tf El T^") is, in fact, a module over the algebra B. 

Furthermore divide the set of V(Q(A 3 )) into three subsets, namely Si = {A _ W,r+ El T^"}, 
S r = (A + W,r+ EirJ} and T = {W, A 2 W, A 3 W, A 4 W, A 2 V, A + E} then by Lennna flO.51 any inde¬ 
composable .B-module M is either a B’ = es, Bes, -module or a B" = e^Ses^-module. The Ext 
quivers of B' and B" are the following: 



Note that (B ')° p -mod is equivalent to £?"-mod thus it is sufficient to determine the type of B'. 
Since Q(B') is a tree we determine its representation type by calculating the Tits form, see (l57l) 
in Appendix. It can be written in the following form 


Qb' (x) = ( Xi + x 5 + x 6 - X4) 2 + ( x 2 + x 3 + X7 + x 8 


X4) 2 + ^2 {Xi-Xi + 1 ) 2 +x\ + 2 xq{x 2 +Xz). 
i=2,5,7 


One can see that qb' is weakly non-negative, therefore B' as well as B" are of tame representation 
type. That implies that A 3 is tame. 

The last case is g = (soio © SO 10 ) 3 rf El and A(g) = A 1 © A 2 , where Q(A X ) has seven 
vertices while Q(A 2 ) has ten vertices, see (11GI) . By Theorem llO.ll the algebra A 1 is tame. To prove 
tameness of A 2 we split V(Q(A 2 )) into into three subsets, namely Si = {A - !! 7 , A+V, rj 1 " E }, 
S r = {A + W, A - !/, Tj" E } and T = {W, A 3 W, A 3 V,V} then by Lemma fT0.5l anv indecomposable 
A 2 -module is either C = es, A 2 eg,-module or C' = es r A 2 es r -module, where Q(C) and Q(C') are 
respectively 



Like in the previous case C op -mod is equivalent to C'-rnod therefore it is sufficient to determine 
the type of C. The Tits form corresponding to C 

(48) qc(x) = {x\ + x 3 + x 5 + X7 - X4) 2 + (x2 + xq - X4) 2 + (xi - x 3 ) 2 + (x 5 - X7) 2 + x\ + x\ 
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is weakly non-negative. Therefore, by Tlieorem llO.61 C is tame. This finishes the proof. □ 

8. Algebras with [t, r] ^ 0 

In view of Theorem 16.11 our next step is to consider indecomposable Lie algebras g with short 
grading, irreducible R = t/[t, r] such that Q(g) is admissible and [r, [t, r]] = 0. Irreducibility of R 
implies that r is a nilpotent Lie algebra of nilindex two, and [r, r] is a g S5 -submodule in (A 2 R) sh . 
Therefore we have to consider the following cases 

(1) g ss = so m , R=V, R 2 = (A 2 V) sh = A 2 V; 

(2) g ss = so 8 , R = A+, R 2 = (A 2 R) sh = K 2 V\ 

(3) g ss = so 8 ©so 8 , R = T^ Kl T+. In this case [t,t] = (A 2 R) sh = A 2 V © A 2 W, hence [t, r] = 
(A 2 R) sh or [r, r] = A 2 V or [r, r] = A 2 IT, and the last two cases are clearly isomorphic; 

(4) g ss = so 8 ©soio, R = T+ Kl T 2 . In this case (A 2 R) sh = A 3 W is irreducible; 

(5) g ss = soio © soio, i? = Ti K T 2 . In this case (A 2 R) sh = 0, therefore it does not need 
further consideration. 

In what follows we refer to the above list as List B. In this section we will prove that A{ J) is wild 
for the algebras (l)-(4) in List B . 

Lemma 8.1. Let g ss = so m , R = V, [R, R] = A 2 V = (A 2 V) sh . Then A(g) = kQ ] n /l 2 , where 
J 2 C rad 3 kQ,^, i.e all the relations are of degree 3 or higher. 

Proof. The proof amounts to showing that for a simple L £ g-modi, we have 

P 2 {L) = (R<g>(R® L) sh ) sh . 

We use Lemma T4.61 Since S : A 2 R -A R 2 is an isomorphism, the map 

/i : A 2 R ® L -> (R ® (R © L) sh ) sh 

is the composition 

A 2 R A- (R 2 0 L) sh (I? © I? © L) sh -> (R © {R © L) sh ) sh . 

Hence P 2 {L) = Coker {fj, © A) = (R © {R © L) sh ) sh . □ 

Lemma 8.2. Let g be as above and J = Jor(g). Then the Ext quiver of J-mod\ is 


(49) 


to is odd : 


7l 72 




A m-1 y 


7m-1 


6m- 1 



'fm 



and the relations in A(J) lie in rad 3 A(J) + 7 ora<L 4 (< 7 ). 

Proof. It is a straightforward consequence of Lemma l4.9l The appearance of new arrow 70 follows 
from Lemma 18.11 Indeed, recall Q 2m+1 and Q 2m of Theorem l6Tl Now 70 := 7o<5o lies in the 
radical of A(J) since 7o<5o and £171 are linearly independent. □ 

Lemma 8.3. Let g = so 8 , R = A + V and R 2 = A 2 V. Then the block of J-mod\ containing A 2 V 
and A + V has the quiver 


(51) 


0 


A 2 V 


Ot 2 


/?2 



73 
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and the only relations in this block modulo rad 3 are 

0:272 = 730 : 2 , 72/^2 = /?273- 

Proof. In order to prove this lemma, we have to compute P 2 (A 2 V) and P 2 (A + V). Using symmetry 
of the Dynkin diagram of sog we identify A + V with S 2 V$ (the latter stands for the traceless 
part of S 2 V ) as in the proof of Proposition 17.31 If we identify sog with the space of skew- 
symmetric matrices and R = S 2 Vq with the space of traceless symmetric matrices, the map 
6 : S 2 V 0 x S 2 Vq —>• A 2 U is given by the usual commutator of matrices. 

We will do this computation for the case L = S 2 V b leaving the second case to the reader. We 
have 

(R 0 {R 0 L) sh ) sh = A 2 V © A 2 U © S 2 V © S 2 V 0 , (R 2 0 L) sh = A 2 V © S 2 V 0 , 

and 

n(X 0 Y 0 A) = ({X, [Y, A]}, [X, {Y, A}], (X, {Y, A}}, [X, \Y, A]]), 

where {C, B} = CB + BC and [C, B] = CB — BC. 

The canonical projection p : R 2 0 L — > (R 2 0 L) sh is given by 

p(Z®A) = ({Z,A},[Z,A]), 

where A G S 2 Vq , Z G A 2 U. Therefore 

A(X, Y 1 A) = - ({[X, Y],A}, [[X, Y], A]). 

Define the map 

9 : (. R®{R®L) sh ) sh ®(R 2 ®L) sh = A 2 V®A 2 V®S 2 V®S 2 V 0 ®A 2 V®S 2 V 0 A 2 V'©S' 2 V'©S , 2 U 0 

by 9{xi,X 2 , £ 3 , £ 4 , X 3 , xq) = fyi + X 2 — 2 ^ 5 , X 3 — X 4 , X 4 — xq). We claim that the sequence 

A 2 R 0 L (R 0 (R 0 L) sh ) sh © (I ? 2 0 L) sh A A 2 U © S 2 V © S 2 V 0 0 

is exact. Surjectivity of 9 is trivial. The identity 0(A© p) = 0 follows from the following identities 

[X, {Y, A}] + [Y, {X, A}] = 2 {XU A}, 

(52) {X, { Y , A}} - [X, [U, A]] = 2XAF + 2 YAX, 

[X, [Y, A]] - [Y, [X, A}) = [[X, Y],A]. 

Balancing the numbers of g ss components implies that Ker 9 = Im(A © p). Hence we obtain 

P 2 (S 2 V 0 ) ~ A 2 U © S 2 V © S 2 V 0 . 

Similarly, 

P 2 (A 2 V) = A 2 V © A 2 U © S 2 V. 

The relations modulo rad 3 follow by Lemma T4.91 □ 

Lemma 8.4. Let g ss = sog ©sog or s Og ©SO 10 , R = T^ lETj, R 2 = A 2 Tj and the commutator 
i? 0 R —» R 2 be defined by the formula 

[v\ IE W\,V 2 E W 2 ] = (vi,V 2 )wi A W 2 , 

where vi,V 2 G Tj 1 ", w±,W 2 G and (•, •) is an invariant scalar product in Tj 1 ". Consider the 
subcategory of Q-modi generated by simple submodules in (Tj 0 T^")* and Tj* - E (T^)*. Let P{L ) 
denote the projective cover of L in this subcategory. Then for any simple submodule L o/(T^" 0 T^)* 
we have P 2 {L) = T^" 0 (T^)*. 

Proof. It is clear from the quiver Q(g) that P 2 {L) is a submodule of 0 (T^)*. 

We claim that there exists an indecomposable module M in g-mod.i with the radical filtration 

M° = (Tj)*, M 1 = T+, M 2 = T+. 

To show it, we define the action of R and R 2 on M by the formulas: 

V IE w(xo,Xi,X 2 ) = (0, (w,x o)v, (v,Xi)w) 
w 1 A W 2 (x 0 ,X!,X 2 ) = (0,0, (wi,Xo)w 2 - { w 2 ,x 0 )w 1 ) 
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for all v G r+, wi, W 2 G T^", Xi G M®, i = 0,1, 2. Then we have 

/ \ Ui E wi(t ; 2 Kl w 2 )(a;o, aq, £ 2 ) = (0,0, (w 2 ,xo)(th,u 2 )wi) 

n 2 Kw 2 (ui ^aii)(a:o,ii,j; 2 ) = (0,0, (u>i, ar 0 )(u 2 , fi)w 2 ) 

and the reader can see that 

[vi $Qwi,V2 re 2 ] = (iq,n 2 )wi A u> 2 . 

Thus M is a g-module, it is indecomposable by construction. 

Let T = M <g) (rj)*. Then T is indecomposable with radical filtration 

t° = (r+<s>r+)*, r^r+Kir^, t 2 = r+® (r+)*. 

Since T 1 is simple, any submodule L of T° generates an indecomposable submodule S with radical 
filtration S° = L 1 S 1 = T 1 , S 2 = T 2 . But then S is a quotient of P(L) and since P 2 (L) C T 2 = S 2 
we have S ~ P(L). □ 

Corollary 8.5. (a) Let g ss = sogffisos, R = F+ISirJ, R 2 = A 2 V. Then the quiver of A(J) is Q 3 
and /? 3 Ct 3 , ^ 404 , /? 4 a 3 , facei and fiia .3 are linearly independent elements in rad 2 A(J) / rad 3 A(J). 

(b) Let g ss = sog ffisoio, R = Kl T^", R 2 = A 3 W. Then the quiver of A(J) is Q 4 and 71 /3\, 
T 1 P 2 , 73 A, 73 ^ 2 , 7 i /?4 and 73/34 are linearly independent elements in rad 2 A(J)/rad 3 A(J). 

Proof. It follows from computation of P 2 (L) for certain simple L. For example, to prove (a) 
take L to be a non-trivial simple submodule in T^" © F^ = A 2 W © A + W © tr. Lemma 18.41 
implies A 2 W © A + W ©he P 2 (P). On the other hand, it is shown in Lemma 17.101 (1) that 
A 2 V C P 2 (A 2 W). Now (a) follows. The proof of (b) is left to the reader. □ 

Theorem 8 . 6 . If [r, r] ^ 0, then A(J) is wild. 

Proof. One has to show that if g is a Lie algebra from (l)-(4) List B, then A(J) is wild. For any 
simple L G g-rnodi denote by ez, the idempotent corresponding to the projector onto P(L). In all 
cases we use the same method. We consider B = eA(J)e for some idempotent e G A{J) and show 
that B is wild. Then by Lemma 110.21 A( .71 is wild. 

Let g = so 2m+ i 3 (hi A 2 V). Put 

B = (eA my + ej^m-iy)A( J)(eA m v + e\ m -i y). 

By Lemma [8.2l B = kQ//, where 

7m-2<5m-2 7m 

'O 7m —1 

(54) Q: A m ~ 1 V ~ ^ A m V 

t/ZT 

and I C 7 m _ 2 5 m _ 2 radP + rad 3 B. Then B has a factor algebra isomorphic to Ai, see (l58l) . and 
by Lemma [l0.7l is wild. 

For g = so 2m 5 (V 5 A 2 V) set 

B = e\m-iyA(J)e^m-iy. 

Then Lemma 18.21 implies that 7 + <5 + , 7 - <5 - , ^ m - 27 m -2 are linearly independent elements in 
radB/rad 2 B. Thus the quiver of B is one vertex with at least three loops. From Theorem llO.lEl) 
it follows that B is wild. 

Let g ss = sog, R = A + V and R 2 = A 2 V. We set 

B = { e A+V + eA 2 v)^(J)i e A+V + e A 2 v)- 

Lemma rS.SI implies the quiver of B is (1511) . Furthermore, B has a quotient isomorphic to A 2 , see 
1155b . by Lemma H0.7l B is wild. 

Let g ss = sog ©sog, R = Tj* - [3 Tj , R 2 = A 2 V. Set 


ei = eA2y + e^2 W + e\+ w 
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B = eiA(J)ei and apply Corollary [S3] (a). Then B has the quiver 

03&3 P4OL4 

R n PiOL 3 n 

(55) A 2 V A 2 W ' " A +W 

fi3&4 

By Theorem ll().lll2ll B/rad 2 B is wild, hence B is wild. 

Finally, we consider g ss = S0s + SO 10 , R = Tj E F^, R 2 = A 3 WC Let 

e 2 = ew + e A 2 vu + e A 3 vu + e A+w + e A+u + e r+Eirj > 

B = e 2 A(J)e 2 - Corollary I8.5l b~) implies that B is the path algebra of the quiver 



k~w — r+ e rj ■<— a+v 

73 1 2 Pi 


By Theorem llO.llfTI) B is wild. 

Corollary 8.7. Let 0 be such that Jor{g)-modi is tame then 0 = 0 . 


□ 


9. Classification theorem: general case 


Theorem 9.1. Let J be a unital Jordan algebra such that J ss is a direct sum 
bilinear form over vector space of dimension greater than 4. Then J is tame 
is a direct sum of Lie algebras from List A and simple orthogonal algebras. 

r 

Let 0 = © g(i) be a direct sum of Lie algebras with short grading. Then 

i= 1 

has a decomposition in the direct sum 

r 

® 0 (i) — modi © ffi 

i=l i<j<r 

where Sij is the category of g(z) © 0 (j)-modules which have very short grading over g(z) and g{j). 
Simple objects in Sij are isomorphic to Li E L 2 , where L\ is a simple object g(z)-modi and L 2 
is a simple object 0 (j)-modi. 

Lemma 9.2. If P(L) and P{L') are projective covers of L and L' in g(i)-modi and g(j)-modi 
respectively, then P(L) El P(L') is the projective cover IB L' in Sij. 

Proof. As it was explained in Section 14.11 

P(LEL') = {I(LML')) sh . 

Since U(g(i) ffi g(j)) = U{g{i)) ffi U(g{j)) we have 

I(IBT) = I(L) El I(L'). 


of Jordan algebras of 
if and only if Lie(J) 


the category 0 -modi 


Furthermore, 

(I(L) El I(L')) sh = ( I{L)) sh El ( I(L')) sh = P(L) El P{L'). 


□ 


Corollary 9.3. Let P and P' are projective generators in g(i)-modi and g(j)-modi respectively. 
Then P El P' is a projective generator in Si j and 

End 0 (P El P') ~ End 0 (jj(P) ffi End 0 y)(P'). 

Now we can prove Theorem l9.ll 
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Proof. It is sufficient to show that if g(i) and g(j) are two algebras from List A then S^j is tame 
(if g(i) is simple, this is trivial). First we construct the projective indecomposable modules in 
g-modi, where g is one of the algebra from List A. By Lemma l4~4l the Ext quiver Q 2 (g) is the 
following: 


<2= (S0 2 m+1 ® V) O>(S02m5b) 

Qi (so 8 3 A+H) 

Q 2 ((so 8 © so 8 ) 3 r+ b r+) 

n 

n 


0 

Tl 

1 

+ 

i 

rf ~ r+ r r r 2 

Q 2 ((s08©50io)5T 1 BT 2 ) T 1 

^T 2 Q 2 ((s Oio 

©50io) ^ r+ bt+) r+ r+ 



Observe that for any algebra g from List A Lemma l4~8l implies that any projective indecomposable 
module in g-modi has radical filtration of the length at most two. Therefore it is completely 

determined by Q^(g). Moreover for any simple module L G g-modi its projective cover P(L ) is 
either L or P(L ) = where P l (L) = K is simple g-modi module. 

Let P = P(L) and P' = P(P') be projective indecomposable modules in g(i)-modi and g(j)- 
modi respectively. Then PM P' is one of the following 


LML' 


LML' 

P 1 (L)ML' 


LML' 


P 1 (L)MU + LM P 1 (L') 
PJL)^ P l {L') 


Since P 1 {L) 1 P 1 (L') are simple, P 1 (L)MP 1 (L') £ Si.j is also simple. Hence the associative algebra 
of the category satisfies the conditions of Theorem llO.41 One can check that if g(i), g(j) are 
from List A, then the double quiver of the Ext quiver of Sij is a disjoint union of Dynkin and 
extended Dynkin diagrams, therefore Sjj is either tame or finite. This finishes the proof. □ 


Example 9.4. The Ext quiver for the category Sij if g (z) = S 02 m+i 5 V and g (j) = 502m 5 V is 


a 0 

Ti b r+ ~ 0 r, : b tj 

v 


5a = f}v 

all other path of length two are zero 


The Ext quiver for the category Sij if g(z) = (so 8 ©soio) 3 Tj* - B T^" and g(j) = 502m 5 V is 


(d%5i — 6i+±ai 

TjjBr+ ftz'i = v i+1 ai,= 1,2; 

all other path of length 
two are zero 

TJ B TJ 

10. Appendix: Representations of quivers 

In this section we will collect some notions, theorems and methods which will be used to 
determine the representation type of algebras given as a quiver with relations. 

Let C be an abelian category and P be a projective generator in C. It is well-known fact (see 
[20] ex.2 section 2.6) that the functor Home(P, M) provides an equivalence of C and the cate¬ 
gory of right modules over the ring A = Homq(P, P). In case when every object in C has the 
finite length and each simple object has a projective cover, one reduces the problem of classi¬ 
fying indecomposable objects in C to the similar problem for modules over a finite-dimensional 
algebra (see 2T !22|). If L\,...,L r is the set of all up to isomorphism simple objects in C and 


r 2 - b r+ 


T+BT+ 


<$2 


r 2 - b 


0i 


■ r+ b tj 


02 


■ r+ b r+ 


<53 


■ tj b r- 
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Pi,..., P r are their projective covers, then A is a pointed algebra which is usually realized as the 
path algebra of a certain quiver Q with relations. The vertices of Q correspond to simple (resp. 
projective) modules and the number of arrows from vertex i to vertex j equals dim Ext 1 (Ly, Li) 
(resp. dim Hom(Pj, rad Pj / rad 2 Pj)). 

We apply this approach to the case when C is g-modi. 

For any quiver Q let V(Q) denote the set of vertices of Q and Ar(Q) the set of its arrows. The 
quiver double D(Q) of the quiver Q is defined as follows: 

(56) V(D{Q)) = {X + ,X~\X e V(Q)}, Ar(D(Q)) = { 5 : X" ^ F+ | if a : X ^ Y e Ar(Q)}. 
The following results are classical. 

Theorem 10.1. (1) Let A = k[Q] is the path algebra of a quiver Q. Then A if of finite 

(tame) representation type if and only if Q is a disjoint union of oriented Dynkin diagrams 
(extended Dynkin diagrams). 

(2) Let A be a finite dimensional associative algebra, such that rad? A = 0, Q its quiver. Then 
A is of finite (tame) representation type if and only if D(Q) is a disjoint union of oriented 
Dynkin diagrams (extended Dynkin diagrams). 

Lemma 10.2. 1231 1.4.7] Suppose A is a finite-dimensional algebra. 

(1) If e is an idempotent of A such that eAe is wild then so is A. 

(2) Let I be an ideal of A. If A/I is wild then A is wild as well. 

Lemma 10.3. Let A = k Q/I, e be an indecomposable idempotent and P = Ae is both projective 
and injective. Assume that rad?P = 0, while rad 2 P y^ 0. Then any indecomposable A-module M 
such that rad?eM ^ 0 is isomorphic to P. 

Proof. Injectivity of P implies that rad?P is simple and coincides with the socle of P. Let v G M 
be such that rad?Aev y^ 0. Then rad?Aev = rad?P and therefore Aev ~ P. Since P is injective, 
we obtain that M = Aev ~ P. □ 

Next we determine representation type of algebras whose indecomposable projective modules 
satisfy the condition of the Lemm a ll 0.31 

Theorem 10.4. Suppose that A = k Q/I and any indecomposable projective module P such that 
rad?P y^ 0 satisfies the conditions of Lemm dlO.A Then A is of finite (respectively tame) rep¬ 
resentation type if and only if the double quiver D(Q) is a disjoint union of Dynkin diagrams 
(respectively extended Dynkin diagrams). 

Proof. Let M be an indecomposable A-module and rad?M y^ 0 then by Lemma. ri0.3l M is projec¬ 
tive. Otherwise M is a module over A/rad 2 A. The statement follows from Theorem llO.il (l2l). □ 

Lemma 10.5. Assume that V(Q) is a disjoint union of Si, S r and T. Assume Q(T) is disjoint, 
any path from Si to S r (or from S r to Si) contains a vertex from T and any path from S r to S r 
and from Si to Si does not contain a vertex from T. Let A = kQ/I and any path from Si to S r 
(or from S r to Si) belongs to I. Then for any indecomposable A-module M either es,M = 0 or 
e Sr M = 0, where e Sr = T,ieS r ei and es < = eS, O- 

Proof. Let er = Xagt e *- One can check that both es r M + eTAes r M and e.s, M PerAes^I split 
as direct summands. Hence one of them is zero. □ 

Recall that for any associative algebra A = kQ/ 1 of finite global dimension the Tits form of A 
is the quadratic form qa '■ Z v ^ —> Z which is defined by 

(57) Qa(x) = ^2 X 2 - ^ XiXj+ Y 9{hj) x iXj, 

idV (Q) i^jeE(Q) i,jeV(Q) 

where g(i,j) = |G fi ejlet\ for a minimal set G C (J, jev(Q) e j? e i °f generators of the ideal I. 

A quiver Q is called a tree if its underlying graph is a tree (i.e. does not contain cycles), the 
algebra A = k Q/I is a tree algebra if Q is a tree. 
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Theorem 10.6. pZT . Thm 1.1] Let A be a tree algebra. Then A is tame precisely when the Tits 
foi'm qA is weakly non-negative. 

In [25] Y. Han has classified tame two-point algebras and minimal wild two-point algebras. We 
list the following two algebras from Table W, [25] . A\ = kQ/Ii and A 2 = kQ/12 , where 


(58) 



I\ = (a 2 = fioi = olv = is (3 = fiu = /3 2 = 0), 

I 2 = (fia — [3fi = a 2 = u/i = av = is (3 = (3 3 = f3 2 fi = 0). 


Lemma 10.7. [251 Thm 1] Let B = k Q/I be a two-point algebra which has either algebra A\ or 
algebra A 2 as a factor, then B is wild. 
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